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What’s the Task?

○ We are given ℓ correspondences 𝑋 ∈ ℝ𝑛 ↔ 𝑌 ∈ ℝ𝑘

○ We want to find a correspondence for an arbitrary 𝑋 ∈ ℝ𝑛

○ Sounds like interpolation ... or approximation?
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Neural Network with 3 Layers
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Figure: 3 Layer Neural Network
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○ Hidden layer evaluates 𝐻 = 𝑓1(𝑊𝑋), with 𝑊 ∈ ℝ𝑚,𝑛,
activation function 𝑓1∶ ℝ𝑚 → ℝ𝑚 and input 𝑋 ∈ ℝ𝑛

○ Ouptut layer evaluates 𝑌 = 𝑓2(𝑉𝐻), with 𝑉 ∈ ℝ𝑘,𝑚,
activation function 𝑓2∶ ℝ𝑘 → ℝ𝑘 and input 𝐻 ∈ ℝ𝑚

○ Neural Network corresponds to the function

𝑌 = 𝑓2 (𝑉 𝑓1 (𝑊𝑋))

○ Matrices 𝑊 and 𝑉 are free parameters
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Activation Functions

There’s a whole zoo: SQNL, ReLU, APL, ...1

Nice to haves:

Nonlinear Otherwise the networks collapses to 1 layer

Suitable Range Improves learning

Smoothness Necessary for optimisation

Monotonicity Yields convex models (sometimes)

Approximates Identity Makes initialisation easier

For simplicity we use a sigmoid.

1. https://en.wikipedia.org/wiki/Activation_function

https://en.wikipedia.org/wiki/Activation_function


1

2

3

4

5

6

7

8

9

10

−1 −1
2

1
2

1

1
2

1

x

y

𝑓 (𝑥) = 1
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Figure: Sigmoid function
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What do we learn?

A query of the Network is just an evaluation of 𝑌 = 𝑓2 (𝑉 𝑓1 (𝑊𝑋))

Training is done by finding matrices 𝑊 and 𝑉 that solve

argmin
𝑉 ,𝑊

{
ℓ
∑
𝑖=1

‖𝑌𝑖 − 𝑓2 (𝑉 𝑓1 (𝑊𝑋𝑖))‖
2}

Simplest idea: gradient descent (per layer/per correspondence).
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Moving forward from one layer to the next:

𝐻𝑖 = ∑
𝑗
𝑊𝑖,𝑗𝑋𝑗, (𝐻 = 𝑊𝑋)

Moving backward fron one layer to the previous:

𝑋𝑗 = ∑
𝑖
𝑊𝑖,𝑗𝐻𝑖, (𝑋 = 𝑊 ⊤𝐻)
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Figure: Moving between Layers
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Gradient descent needs the derivatives w.r.t. 𝑉 and 𝑊

𝜕
𝜕𝑉

1
2
‖𝑌𝑖 − 𝑓2 (𝑉 𝑓1 (𝑊𝑋𝑖))‖

2

= − (𝑌𝑖 − 𝑓2 (𝑉 𝑓1 (𝑊𝑋𝑖)))
⊤ 𝐷[𝑓2] (𝑉 𝑓1 (𝑊𝑋𝑖)) ((𝑓1 (𝑊𝑋𝑖))⊤ ⊗ I)

𝜕
𝜕𝑊

1
2
‖𝐻𝑖 − 𝑓1 (𝑊𝑋𝑖)‖

2

= − (𝐻𝑖 − 𝑓1 (𝑊𝑋𝑖))
⊤ 𝐷[𝑓1] (𝑊𝑋𝑖) (𝑋⊤

𝑖 ⊗ I)
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Full training approach

Algorithm 1: Training a Neural Network (1 Epoch)

1 Evaluate 𝑓2(𝑉 𝑓1(𝑊𝑋𝑖)) for all samples 𝑋𝑖
2 Compute Errors 𝐸𝑖 ≔ 𝑌𝑖 − 𝑓2(𝑉 𝑓1(𝑊𝑋𝑖))
3 foreach error 𝐸𝑖 do
4 foreach Layer do
5 Perform gradient descent step to update weights
6 Push error to previous layer
7 end foreach
8 end foreach
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